
3 6 The adjoint representation

We start by introducing some general
terminology

Definition 3.99
Il A representation of a ke group E in

a real on complex vector space 10

a smooth homomorphism
IT G GL V

2 A representation of a Ge algebra
in a real on complex vector space
is a he algebra homomorphism

pig gh'v
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We have seem that a representation
IT G GLIVI induces o

representation DI g 9h V

of the he algebra

Recall that the he group exponential in



p
GLIVI coincides with the motmx
exponential
Then IT expo x Exp DT

XEY
by Proportion 3.59

Let now W CV be a vector subspace and

fix r V Let

Stob W g E G tg WC W

stob u 4g EG t'g r v

Note that stab W and Stoblu one

closed subgroups of G and the

following holds

Proposition 3.101

Lie Stoblwl Eg DTCX WCW

he Stoblu Greg DINI v o



Before discussing the proof note that for
g E G T'g N CW iff g N N

Proof of Proportion 3.101

By Conollony 3.96

Le Stoblw Eg Ceepatx WCW
E ER

Eg Exp DINI W CW HER

Then we note Exenuse that for Aegtv
Exp A N CN XE ER

iff ACW CW

The conclusion follows

Inonder to prove 2 weongue ino

similar way

By Conollong 3.96

Le Istoblus Eg Exp DITA ver

ER

Them a similar Exercise shows that



Expta v v K t ER

off Act 0

We turn to the studyof the adjoint
representation

Let G be a be group and g beato
de algebra For g

G we denote
as usual intrg G G

gag
Note that int'g io a smooth automorphism

of G and we demote by
Adg Da int'g g gsto denvative

We clearly have Adle Hg and the
chan rule gives Adigiga Adg Adige
tgi.gr EG

Exercise 3.102

G GL
g

g Ad g



g
Io a smooth homomorphism

0

From Proposition 3 59 we deduce the so called

fundamental relation

kg G t ER Eg
A geep.at g

1 expaltAdig X

With the help of e we con compute Ad

for G GL M R Fan g GLI MIR
E ghinik and t ER

EI IIII
1

È Y.gg
1

Componing coefficienti of the two power
series this gives

Ad'g X gXg
O



Inonology with the G action by
conjugation on G a he algebra octo
on itself by the be brocket

od g 9h g
This is the so called adjoint representation
of g and the fact that it is a he

algebra homomorphism in equivalent to
the Jacobi identity Exercise

Theorem 3.103
Let G be a he group Ad G GL g
Ha adjoint representation and
ad g gtg the adjoint representation
ofito ha algebra
Then Dead X od X Xfg
Proof
We start by noting that in general if
6 G GLIVI in a representation
then



Deca Ceeptx Hey
Theo follows from Proportion 3.59

This in our setting

Dead X file AdCexp

and therefore YE g

Deadlx Y ftp.oadcexp XI Y

IL Adilexpita Y

Eh Decapex Y

Reepatx Lexptx Y

E te
Reapi fa ÈptX

This if we denot by I the flaw
associated to the left invariant



8
extension of we have

Dead X Y ftp.DRexpc txt ptx

Ft oDEE1FI È
Lei e c Def 3.49

X Y

TheLm 3.50
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1 Let N G be a closed subgroup
with he algebra hcg If N io

normal then n is on ideal of g
2 If Gond N one connected and

neg n on ideal them NO G

Proof
The proof of 1 is left on on Exercise

In order to prove 2 note that the
condition that his on ideali con



be nephrosed by saying that ad X
leaves n invariant l 9
Them so does Exp od XI and
henee Ad exp a Exp od XI

also leaves n invariant

Theo Eg yen

Adlexp A Y E n
which implies that

exp Ad leep 4 Y E N

towover by the fundamental relation wehave

cap Ad leap X Y interpx expat

Then the subgroup of G generatedby expleaves the subgroup of N generated
by exph invomont By connectedness
N Δ G

We conclude with two applications



Theorem 3.105
Let E be connected be group Then the
center of G is the Kennel of the
adjoint representation

Proof
Let h E Z G and X

Eg Then

I exptX h exptX h 1 exptadn X
FER

Hence Adn X E

Therefore h E Ken Ad

Conversely assume that h Eker Ad Then
E holds again and we infer that h
commutes with all the elements in a

neagh of e G Sinee Gia connected

h E Z G

Corollary 3.106

let G be connected he group Then
ZCG is a closed subgroup of G with



p p 8
neolgebra the center of g
Proof
The statement follows from Theorem 3.105
and Corollary 3.97


